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Abstract 
Voronoi based DEM simulations for crack propagation are becoming popular. Correct 
interpretations of simulation results and fracture mechanical based calibration of 
models demand detailed investigation of influencing factors with respect to model 
structure. 
The presented work documents the influence of Voronoi block size and shape as well 
as internal mesh size on the calibrated fracture toughness KIC. It is documented, that 
Voronoi based procedures have an inevitable error of up to ± 30 %. On the other 
hand, this approach is able to reproduce complex fracture pattern in a realistic manner 
with reasonable computational power.  
The work proposes a KIC calibration procedure and documents based on the 
comparison with lab tests. Crack propagation, fracture pattern as well as stress-strain 
behavior of brittle solids can be duplicated by calibrated Voronoi based DEM 
simulations.  
The thesis also documents a swelling law for the DEM code UDEC including 
parameter determination and validation based on lab tests with swelling cement. 
Finally, calibrated concrete models with one or two holes under different boundary 
conditions are used to predict swelling induced cracking. Numerical predictions were 
compared with corresponding lab tests and showed satisfying results. 
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1 Introduction 
DEM modelling has become one of the most important approaches for simulation of 
fracture propagation at quite different scales from microscopic cracks (nano- and 
micro-scale) up to macroscopic joints and faults in the km-range. Increasing computer 
capacity allows generating randomly distributed irregular polygonal blocks based on 
weighted point processes (Finney, 1976 and Fox, 1978), which are also called as 
Voronoi blocks or bodies. Voronoi blocks can be handled by the Discrete Element 
Methods (DEM) modelling and can be applied to simulate disintegration of solids 
including fracture/crack propagation. It revealed that Voronoi block shape and size as 
well as internal meshing effect the numerical results in respect to crack propagation. 
However, so far these effects were not investigated in detail and were not quantified. 
Therefore, the first objective of this work is to quantify the potential error in using 
Voronoi based DEM to study crack propagation and to propose a calibration procedure 
for Mode-I fracturing. The second part of the thesis considers swelling induced crack 
propagation in concrete samples. Simulation results were compared with 
corresponding lab test results by evaluation of fracture pattern and stress-strain 
response.  
The thesis is structured as follows: 
 Brief introduction into the state of the art of DEM based fracture simulation. 
 Detailed evaluation of Voronoi body based DEM Mode-I fracture propagation 
with pre-defined and potential arbitrary crack propagation paths including 
fracture toughness based parameter calibration and error estimation based on 
Voronoi and internal zoning size. 
 Development, testing and calibration of a swelling constitutive law for the 
DEM code UDEC including parameter determination and validation on lab 
tests with swelling cement. 
 Numerical back analysis of uniaxial tensile and compressive tests based on lab 
test on concrete samples. 
 Validation of developed simulation strategy and constitutive model by 
prediction of damage behavior of concrete samples subjected to swelling 
pressure in parallel to corresponding lab tests. Samples with different 
geometry were investigated under different loading conditions. 
 Summary and conclusions. 
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2 Overview about DEM based fracture mechanical 
simulations 
Any solid is characterized, at least to some extent, by imperfections like cracks, 
fractures, fissures, pores etc. By the way, within this thesis the term ‘crack’ is a 
synonym for ‘fracture’. Especially cracks have a strong influence on the mechanical 
properties of the solids. Many catastrophic events are triggered by microscopic cracks 
and subsequent fracture propagation. Typical examples are: fracture propagation in 
geologic structures, collapse of engineering structures during earthquakes, damage of 
traffic vehicles during collisions, fracturing of pressure pipes or fracture of mechanical 
components (e.g. Zhuang, 2014). 
Therefore, fracture mechanical research is performed in many engineering fields 
already since last century. Based on the well-developed theory of fracture mechanics, 
the mechanical behavior and the properties of solids containing fractures and cracks 
can be predicted. This holds for strength and deformability, stress and strain analysis 
as well as for crack and fracture propagation (damage evolution). The essential 
elements of fracture problems are introduced in the next section. 
2.1 Basic elements for fracture problems 
2.1.1 Fracture type classification 
There are different ways to classify fracturing. One common approach in solid 
mechanics is to distinguish between ductile and brittle fracturing. 
Ductile fracturing happens for instance in metal specimen (Gross and Seelig, 2011). 
This type of fracturing is characterized by large plastic deformations which occur 
before and (or) during the fracturing process. In this case, large deformations are not 
only concentrated in the immediate vicinity of the crack tip, but the fracture surface 
and the failure mechanism is microscopically related to void nucleation and 
coalescence. 
Brittle fracturing refers to those materials which macroscopically show only a small 
amount of inelastic deformations. In this case, inelastic strains are confined to the 
immediate vicinity of crack tip or the fracture surface. The related microscopic failure 
mechanism is either void growth or cleavage.  
Different loading environment produces different types of fracture. For example, 
fractures can be generated by crack growth due to cyclic loading which is called 
fatigue fracture, while creep fracturing is dominated by constant long term loading.  
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2.1.3 Experimental approaches 
Different experimental techniques are chosen to detect the cracks and crack growth 
dependent on scale. Awaja et al. (2016) summarized several techniques for crack 
detection. Sonic testing technique is able to detect voids and cracks up to the 
centimeter scale. Acoustic emission, ultrasonic emission, electric impedance and 
thermography techniques are suitable to detect cracks up to several millimeters. For 
cracks at the micron level, optical coherence tomography, optical and fluorescence 
microscopy as well as conventional X-ray radiography techniques are applicable. For 
cracks at the nanometer level, SEM, X-ray computed micro tomography and Compton 
backscattering diffraction methods are suitable.  
Han et al. (2014) studied the fatigue crack propagation behavior of magnesium alloy 
material by acoustic emission instrument. Ng and Dai (2014) applied SEM to 
characterize the microstructure in cement paste undergoing frost damage. In work by 
Martin et al. (2014) the detection of subsurface cracks in welding was conducted with 
the help of infrared thermography equipment. Qian et al. (2008) achieved 3D 
visualization of ductile fractures under monotonic loading by means of X-ray 
computed tomography. This technique allows to understand the fracture mechanism of 
ductile materials and to elucidate the interaction of fracture and microstructure in 
non-uniform materials. For example, Fig 2-3 shows a typical 3D rendering of a 
reconstructed microstructure subjected to an applied displacement of 0.1 mm. 
The utilization of experimental techniques does not only help to detect damage and 
structure of specimen (Roozen et al., 2014; Sause et al., 2012, Tschegg, in 2016), but 
also allows to measure fracture toughness. For example, Senthil et al. (2016) 
determined the fracture toughness of adhesively bonded composite joints. In this 
study, experiments were conducted on a double cantilever beam. End notched flexure 
and edge crack torsion specimens are used to determine the fracture toughness of 
Mode-I, Mode-II and Mode-III (see Fig 2-5). Also, acoustic emission (AE) technique 
was employed to determine the fracture toughness of bonded joints. The results 
indicated that AE signals have good correlation to the load–displacement behavior, 
which determines the fracture initiation stage especially in Mode II loading. 
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2.1.4 Continuum method 
The finite element method (FEM) is a very fundamental method and also capable to 
handle fracture mechanical simulations, like documented for instance for material 
research (Xu et al., 2016; Wang, 2017, Majta et al., 2016) or engineering (Bondarenko 
et al., 2016; Esfahani et al., 2016; Mi et al., 2012, Wildemeersch et al., 2010 and 
Denga et al., 2003). 
Traditionally, FEM considers that material as continuous while dealing with cracks. 
Many authors implemented this method directly to handle hydraulic and metallic 
fracture problems. For example, Cheng et al. (2017) generalized the effective stress 
principle for a reservoir slope deformation study. The results agreed well with 
measurement data by consideration the effective principal stress for plastic 
deformation, which was convincing to explain the slope deformation during 
impoundment. Formica and Milichio (2016) introduced a mixed formulation for the 
definition of energy release. This study numerically showed that the proposed 
approach was not noticeably affected by the crack propagation step size or mesh 
refinements. The study by Li et al. (2015) employed FEM simulations of the 
penetration of tungsten fiber/metallic glass matrix composite long rods into the steel 
targets, which are conducted by integrating related penetration tests (see Fig 2-6 and 
Fig 2-7). Fracture mechanical based FEM simulations of fractured rock masses are 
proposed by Yang et al. (2015).  
Although classical FEM is a very powerful and popular numerical tool also used in 
fracture mechanics, there are many disadvantages too. For example, the overestimation 
of stiffness for solid structures may result in locking behavior and inaccuracy of stress 
resolution (Chen et al. 2001). Also there might be a lack in correct stress estimations at 
the crack tip and the crack surface. Aware of these shortcomings, scholars extended 
the classical FEM method: extended finite element method (X-FEM), cell-based 
smoothed finite element (CS-FEM), smoothed particle hydrodynamics-finite element 
method (SPH-FEM), alpha finite element method (α-FEM), s-version finite element 
method (s-FEM) and edge-based smoothed finite element method (ES-FEM). 
The development of these new methods based on FEM has greatly overcome 
shortcomings of traditional FEM and gave more vitality for FEM to illustrate the 
material heterogeneity and crack growth. For example, Du et al. (2016) presented a 
SPH-FEM method for the simulation of a dynamic fracture, which was formed in 
cylindrical shell subjected to internal explosion. The results showed that coupled 
SPH-FEM simulation gave a more reliable prediction of the final fracture morphology 
of cylindrical shell. Zeng et al. (2016) formulated the virtual crack closure integral 
technique (VCCT) in the framework of CS-FEM for evaluating stress intensity factors 
and modeled crack propagation in solids. The study of Zeng et al. (2013) extended the 
ES-FEM for 3D elastic solids in order to model the singular fields of arbitrary order 
near the crack front, and also enriched displacement with ease to reproduce the 
  
nece
fully
con
con
stra
disc
veri
Som
inve
num
a m
et al
(VO
F
F
ssary orde
 automatic
sidered the
dition. Bro
in formula
ontinuities,
fied throug
etimes FE
stigate fra
erical mod
ixed-hybrid
., (2014) u
F) techniqu
ig 2-6 FEM b
penetrati
ig 2-7 FEM b
penetration
r of stress s
 fatigue cr
 crack tip 
umand and
tions with
 meanwhil
h several nu
M is used i
cture prob
el for groun
 FEM with
sed a hybr
e to simula
ased deform
on into 30Cr
ased deform
 into 30CrM
and 
ingularity. 
ack growth
stress field
 Khoei (20
in the X
e the robus
merical ex
n combina
lems. For 
dwater flo
 three hyd
id formula
te the fract
ation and fai
MnMo steel t
(lower): deve
ation and fai
nMo steel tar
(lower): fully
 
The study b
 simulation
 of hetero
15) implem
-FEM in 
tness and a
amples.  
tion (coupl
example, 
w and trans
raulic doma
tion of FE
ure groutin
lure process 
arget at relat
loped stage, 
lure process 
get at at rela
 damaged st
y Kikuchi 
 system by
geneous m
ented a la
order to 
ccuracy of
ing) with o
Maryška e
port in frac
ins and FV
M coupled
g processes
simulation of
ively low spe
(Li et al., in 
simulation of
tively high sp
age, (Li et al
et al. (2014
 s-FEM. Th
aterial und
rge deform
model the
 the propos
ther metho
t al. (2008
tured rock 
M for the 
 with the v
 in soils. 
 the rod and t
ed, (upper): 
2015). 
 
 the rod and t
eed, (upper)
., in 2015). 
) documen
is investig
er mixed-m
ation and 
 macro c
ed method
ds to expla
) introduc
environme
transport. 
olume of 
 
arget under 
early stage a
arget under 
: developed s
9 
ted a 
ation 
ode 
large 
rack 
 was 
in or 
ed a 
nt by 
Chen 
fluid 
the 
nd 
the 
tage 
 10 
 
2.1.5 Discontinuum method 
Unlike FEM simulation, discrete element method is naturally suitable for modelling of 
discontinuities and heterogeneity problems including material separation. Discrete (or 
discontinuous) modeling techniques, commonly referred to as the discrete element 
method (DEM), treat material directly as an assembly of separate blocks or particles 
(Lisjak and Grasselli, 2014). According to Cundall and Strack (1979) a DEM model 
should satisfy two additional conditions: (1) finite displacements and rotations of 
discrete bodies, including complete detachment and (2) recognition of new contacts 
automatically as the calculation progresses. DEM was originally developed for bulk 
(granular) material and non-cohesive soils. Nevertheless, the DEM method has also 
great potential for simulation of damage and fracture processes due to the automatic 
contact detection algorithms. 
According to the contact type between blocks, deformability representation of solid 
bodies, methodology for detection and revision of contacts, solution procedure for 
equations of motion, discrete element methods can be subdivided into different groups 
(Jing and Stephansson, 2007). Particle methods as a special version of the DEM 
consider assemblies of rigid circular particles of varying diameters, while the contacts 
between particles are typically assigned by normal and shear stiffnesses as well as a 
friction coefficient (Lisjak and Grasselli, 2014). This research work gives a detailed 
classification of DEM approaches and applications in the field of rock mechanics 
including fracturing processes. The discontinuous deformation analysis (DDA) 
originated from a back-analysis algorithm to determine a best fit to a deformed 
configuration of a block system from measured displacements and deformations (Shi 
and Goodman, 1985) was later further developed to perform the complete deformation 
analysis of a block system (Shi, 1988).  
DEM is one of fundamental numerical approaches for fracture modelling and has been 
utilized to analyze the fracture and damage mechanisms in rocks and soils (Coetzee, 
2016; Gao and Kang, 2016; Helmons et al., 2016 and Shi et al., 2015); fracturing 
driven by fluid (Zeng et al., 2016; Hamidi and Mortazavi, 2014; Shimizu et al., 2011; 
Hofmann et al., 2016; Zou et al., 2016; Damjanac and Cundall et al., 2016, Hafver 
et al., 2014); particle breakages (Stahl and Konietzky, 2011; Bai et al., 2016; Shi et al., 
2016; Delaney et al., 2015; Zhong et al., 2016; Wang and Yan, 2013; Morrison and 
Cleary, 2004; Antonyuk et al., 2006, Morrison et al., 2007); ceramics (Kudryavtsev 
and Sapozhnikov, 2016; Jauffrès et al., 2012, Pizette et al., 2010); glasses (Gao and 
Zang, 2014); crack forming in concrete (Skarżyński et al., 2015; Riera et al., 2014; 
Donze et al., 2008, Pearce et al., 2000), crack development in composite material (Tan 
et al., 2008; Huang et al., 2014; Shen et al., 2010) and other fields (Dong et al., 2016; 
Xu et al., 2016; Bock and Prusek, 2015, Lai et al., 2014).  
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generate irregular polygonal and polyhedral bodies. With rapid advancements in 
computer technology and theoretical development, Voronoi based DEM modelling 
shows great advantages in simulation of fracturing in brittle material. Wang et al. 
(2008) applied Voronoi tessellation for modelling the mechanical behavior of concrete 
under compression. The utilization of Voronoi diagram helps to predict descriptively 
and quantitatively small deformation problems, but also fracturing. Insana et al. (2016) 
adopted the Voronoi tessellation in DEM to discuss the crack propagation in different 
rocks. The comparison with experimental tests proved that the Voronoi blocky method 
is reliable and representative for numerical simulation of rock fracturing. Havaej et al. 
(2014) used both continuum based and discontinuum based numerical methods to 
investigate fracture development of slope and the results of Voronoi based DEM 
showed good agreement with frictional plasticity theory. Gui et al. (2015) developed a 
cohesive fracture model considering tension, compression and shear behavior. Based 
on Voronoi tessellation DEM, the numerical results for specimen under Mode I, Mode 
II and mixed Mode match the lab tests very well. This investigation adopted Voronoi 
tessellation in UDEC to soil desiccation problems. The numerical model demonstrated 
the crack growth at different stages, which proved the applicability and capability of 
Voronoi tessellation in DEM modelling. Chen et al. (2015), see also Fig 2-10 and Fig 
2-11, developed a grain-based model to simulate rock damage evolution considering 
both, time-independent and time-dependent conditions. The outcome of this work was 
another good proof for the suitability of Voronoi based DEM. Based on Voronoi 
tessellation in UDEC, Chen et al., (2016) studied the brittle fracturing process of 
rocks.  
All these applications of Voronoi based DEM provided bright insights into crack 
growth, material strength and other factors related to fracture mechanisms. Although 
Voronoi based DEM modelling has been regarded as a fundamental approach in the 
field of fracture mechanics, there is not much advanced experience on the effect of 
numerical discretization on the fracture behavior. The research of Mayer and Stead 
(2017) pointed out the mesh geometry dependencies can originate irreducible 
uncertainties into the method despite apparent calibration. Also, there is a risky chance 
that Voronoi meshing routines may increase the degree of interlocking and further 
affect the fracture process.  
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3 Two-dimensional Voronoi cell based fracture 
simulations 
3.1 Introduction 
Because the DEM method allows complete detachment or relative shear displacement 
without any restriction between blocks, this method can be used to simulate crack 
propagation in a quite comprehensive way. The restriction is, that cracks can 
propagate only along the block boundaries and not enter or penetrate the blocks. 
Therefore, it has to be expected, that the block structure has some influence on the 
fracture propagation and needs to be investigated in detail. Two possible constellations 
can be considered: 
 Crack propagation direction is known in advance. In this case the block 
boundaries can be aligned in this direction. 
 Crack propagation direction is unknown in advance. In this case a fine block 
structure with many polygonal elements is used. The different orientation of 
the edges of these polygonal elements allows the crack to follow quite 
different discrete directions. 
3.2 Fracture toughness calibration for Mode-I 
3.2.1 Models with predefined crack path 
In general the fracture toughness for Mode-I is given by Eq. 3-1. Depending on the 
geometry and initial crack pattern specific factors f have to be used. To calibrate 
fracture toughness the test according to Fig 3-1 is used. In that case the factor f is 1.12. 
ܭூ஼ ൌ ݂ ∙ ඥߨܮ஼ ∙ ܶ                                                                                                                                                                    3‐1 
To calibrate Mode-I fracture toughness the contact tensile strength has to be adjusted 
in such a way that Eq. 3-1 is satisfied.  
Crack propagation is governed by the stress concentration at the crack tip and needs 
the determination of the stress intensity factor. This in turn is strongly influenced by 
the mesh resolution inside the blocks. Therefore, a detailed calibration procedure is 
20 
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Table 3-7 Calculated tensile strength σt as a function of Voronoi edge length lv (Model 1). 
lv [m] 0.2 0.4 0.6 0.8 1.0 
σt [MPa] 2.38 1.64 1.57 1.53 1.43 
σt/T [-] 23.8 16.4 15.7 15.3 14.3 
mlz [m] 0.12 0.13 0.13 0.13 0.13 
Kn [GPa/m] 8.06 7.44 7.44 7.44 7.44 
lv / lz 1 2 3 4 5 
Table 3-8 Calculated tensile strength σt as a function of Voronoi edge length lv (Model 2). 
lv [m] 0.2 0.4 0.6 0.8 1.0 
σt [MPa] 1.51 1.42 1.11 8.44 8.04 
σt/T [-] 15.1 14.2 11.1 84.4 80.4 
mlz [m] 0.12 0.12 0.13 0.13 0.13 
Kn [GPa/m] 8.06 8.06 7.44 7.44 7.44 
lv / lz 1 2 3 4 5 
Table 3-9 Calculated tensile strength σt as a function of Voronoi edge length lv (Model 3). 
lv [m] 0.2 0.4 0.6 0.8 1.0 
σt [MPa] 2.07 2.05 1.90 1.59 1.51 
σt/T [-] 20.7 20.5 19.0 15.9 15.1 
mlz [m] 0.12 0.12 0.13 0.13 0.13 
Kn [GPa/m] 8.06 8.06 7.44 7.44 7.44 
lv / lz 1 2 3 4 5 
 43 
  
Table 3-10 Calculated tensile strength σt as a function of Voronoi edge length lv, (Model 4 with 
CA = 1 and R = 1.4). 
lv [m] 0.2 0.4 0.6 0.8 1.0 
σt [MPa] 5.05 3.68 4.32 3.27 3.03 
σt/T [-] 50.5 36.8 43.2 32.7 30.3 
mlz [m] 0.09 0.18 0.27 0.35 0.44 
Kn [GPa/m] 13.4 6.79 4.53 3.42 2.73 
lz 0.1 0.2 0.3 0.4 0.5 
Table 3-11 Calculated tensile strength σt as a function of Voronoi edge length lv (Model 4 with 
CA = 0.01 and R = 1.4). 
lv [m] 0.2 0.4 0.6 0.8 1.0 
σt [MPa] 5.07 1.50 2.28 2.91 1.38 
σt/T [-] 50.7 15.0 22.8 29.1 13.8 
mlz [m] 0.09 0.17 0.26 0.35 0.44 
Kn [GPa/m] 13.3 6.98 4.55 3.18 2.74 
lz 0.1 0.2 0.3 0.4 0.5 
All four models reveal a clear non-linear tendency: the bigger the ratio between zone 
edge length and Voronoi edge length, the smaller the joint tensile strength under the 
same predefined fracture toughness. A power function can be used to describe this 
behavior. A fitting function like given by Eq. 3-7 is derived for predictions and error 
analysis. Table 3-12 explains the parameters used in Table 3-13 to Table 3-15. 
ݕ ൌ ܽ ∙ ݔ௕ ൅ ܿ                                                                                   	 	 	 	 	 	 	 	 	 	 	 	 	 	 	(Model 1, 2, 3 and 4)     3‐7 
ܽ ൌ 5.49, ܾ ൌ െ0.20, ܿ ൌ െ4.04                                                                                    (Model 1)     3‐8 
ܽ ൌ 9.34, ܾ ൌ െ2.10, ܿ ൌ 14.45                                             (Model 2)     3‐9 
ܽ ൌ 1.04 ൈ 10ସ, ܾ ൌ െ4.63, ܿ ൌ െ1.04 ൈ 10ହ                                                  (Model 3)   3‐10 
ܽ ൌ 9.64 ൈ 10ଶ, ܾ ൌ െ0.32 ൈ 10ିଷ, ܿ ൌ െ9.62 ൈ 10ଶ                          (Model 4)   3‐11 
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Table 3-12 Fitting analysis parameters. 
S Simulation result 
F Fitting result according to Eq. 3-7 
Rl 
Absolute value of error according to following formula: 
Rl = Abs [(S - F) / S] 
δ Error, which means if σs∈(σt, σt + δ), then crack might propagate 
δl Dimensionless value of δ, according to following formulae: δl = δ / σt 
Upper value Estimated upper limit, calculated by (S + δ) 
Lower value Estimated lower limit, calculated by (S - δ) 
Table 3-13 Error analysis for Model 1. 
lv / lz 1 2 3 4 5 
S [MPa] 23.8 16.4 15.7 15.3 14.3 
F [MPa] 23.79 16.63 15.38 14.96 14.77 
δl 0.03 0.03 0.02 0.02 0.01 
Rl [%] 0.04 1.6 2.0 2.2 3.3 
Table 3-14 Error analysis for Model 2.  
lv / lz 1 2 3 4 5 
S [MPa] 15.1 14.2 11.1 8.4 8.04 
F [MPa] 16 12.65 10.69 9.30 8.22 
δl 0.03 0.03 0.03 0.03 0.03 
Rl [%] 5.96 10.9 3.7 10.7 2.23 
Table 3-15 Error analysis for Model 3.  
lv / lz 1 2 3 4 5 
S [MPa] 2.07 2.05 1.9 1.59 1.51 
F [MPa] 2.2 1.95 1.80 1.69 1.61 
δl 0.03 0.03 0.03 0.03 0.03 
Rl [%] 6.28 5.07 5.39 6.43 6.66 
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According to Table 4-1, the following chemical reactions can be observed during the 
swelling process of swelling cement: 
3ܥܱܽ ∙ ܣ݈ଶܱଷ ∙ ܥܽܵ ସܱ ൅ 6ܥܱܽ ൅ 54ܪଶܱ → 3ሺ3ܥܱܽ ∙ ܣ݈ଶܱଷ ∙ 18ܪଶܱሻ                      4‐1 
ܥܱܽ ൅ ܪଶܱ → ܥܽሺܱܪሻଶ                                                                                                                                                  4‐2 
ܥܽሺܱܪሻଶ ൅ ܥܱଶ → ܥܽܥܱଷ                                                                                                                                            4‐3 
ܯܱ݃ ൅ ܪଶܱ → ܯ݃ሺܱܪሻଶ                                                                                                                                              4‐4 
4.2 Numerical implementation of swelling law 
4.2.1 Mechanical expressions for swelling behavior 
Besides the detailed chemical reactions, the mechanical effects of swelling in terms of 
swelling pressure and swelling deformations are important. Grob (1972) deduced a 
logarithmic relationship between swelling strain and swelling pressure for clay rocks. 
Grob’s swelling law is illustrated in Fig 4-5. σz represents the actual compressive 
stress acting on the sample. σz0 and σc, respectively, represent the swelling pressure 
necessary to suppress any swelling. εz∞ is the maximum swelling strain. The 
coefficient Cb is a material constant and describes the relation between swelling 
pressure and swelling strain. The value of σz0 and εz∞ can be measured in the lab and 
the value of Cb can be calculated. Grob’s law does not consider the time-dependence 
of the process, but gives equilibrium stages for certain points in time including the 
final stage after (t → ∞) like given by following Eq. 4-5 : 
ߝ௭ಮ௤ ൌ െܥ௕݈݋݃ ൬ఙ೥ಮఙ೥బ ൰                                                                                                                                                            
4‐5 
Although swelling in cement is driven by different chemical reactions in detail the 
general relation according to Grob’s law is valid and is therefore applied as 
constitutive model. 
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itself (see APPENDIX) is then applied only to those zone which are marked as 
‘swelling zones’. 
 def find_swell 
 i=1 j=1 
 bi=block_head 
loop while bi # 0 
    zi=b_zone(bi) 
      loop while zi # 0_ 
zx=z_x(zi) 
   _zy=z_y(zi) 
   _zr=sqrt((_zx-0.125)^2+(_zy-0.125)^2)    
    z_extra(zi)=0 
            if _zr<=0.0175 then 
                   z_extra(zi)=j 
            endif    
  zi=z_next(zi) 
  j=j+1 
endloop 
 
      bi=b_next(bi) 
i=i+1 
   endloop 
end 
find_swell 
Fig 4-10 Code to identify swelling zones. 
The flow chart presented in Fig 4-11 ilustrates how the swelling law works in detail. 
First of all, zones where swelling law should be applied have to be marked. Then, the 
necessary material parameters are assigned. At swelling zones, the initial stress σ0 is 
checked. If σ0 is negative (compressive stress), the swelling process is finished and 
maximum deformation is assigned to the corresponding zone. Otherwise, if σ0 is 
positive (tensile stress), swelling takes place. In this case, an incremental deformation 
is assigned to the zone and an incremental stress △σ is calculated according to Grob’s 
law. This modifies the initial value of σ0 using the formula σ = σ0 + △σ. As long as the 
calculated σ is smaller than the maximum swelling pressure the swelling process is 
going on. The swelling process is finished if either maximum swelling strain is 
Search for all 
deformable 
blocks. 
Search all swelling 
zones. 
Calculate the distance 
between arbitrary point 
and the center of 
swelling circle, the 
location of swelling 
circle center is 
(0.125,0.125). 
If the distance is no more 
than given radius of 
swelling circle, then mark 
the zone as swelling with 
ID equaling j. 
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reached or final swelling stress equals maximum. Validation of this constitutive model 
is documented in the next section. 
 
Fig 4-11 Flow chart of swelling constitutive methodology. 
4.3 Verification of swelling law 
To verify the developed constitutive model, two versions of them are used in UDEC 
and FLAC. The models are built up by 9 m x 9 m deformable quadratic elements. The 
edge length of the models are 1.1 m. The squares are further subdivided into triangular 
elements (‘quad-zoning’ in UDEC and ‘mixed-discretization’ in FLAC). The 
Identify swelling zones. Assign material property. 
Check initial stress σ0, if σ0 > 0? 
Calculate swelling strain, according to Grob’s 
law and swelling stress (σq). 
Calculate swelling stress increment ᇞσ, 
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Is σ less than or equal to 
maximum swelling 
pressure?
Yes.
σ = σ0 + ᇞσ, σ0 = σ. Apply new σ0 and cycle m_step.  
Afterwards, get new σ0.   
σ = σ0 and 
maximum 
swelling strain 
is assigned to 
related zone. 
No. 
Stop swelling 
process and 
return to main 
program. 
Yes.
No. 
  
corr
cont
are 
mod
Fig 
Den
You
Pois
Max
Max
Fig 
the 
beco
the 
beco
reac
the 
mag
Fig 
both
also
cent
esponding 
ains the sw
given in Ta
el has a sm
4-12 Meshin
i
sity 
ng’s modu
son’s ratio 
imum swe
imum swe
4-14 and F
swelling p
mes obvio
swelling e
me smalle
hes a value
displaceme
nitude.  
4-15 to Fig
 models. D
 show sym
er of the m
meshes are
elling law.
ble 4-2. Al
all intial ho
g of UDEC m
s swelling lo
lus 
lling pressu
lling deform
ig 4-15 sho
rocess. Th
us. The ma
lement. Fu
r. The disp
 between 0
nt fields in 
 4-19 illus
ue to the s
metry. It is
odel inside
 shown in 
 All other e
l boundarie
rizontal an
odel, (black
cation). 
Table 4-2 E
re 
ation 
w the disp
e radial ch
ximum disp
rther away
lacement m
.2 mm to 0
both mode
trate the st
ymmetrica
 obvious th
the swellin
 
Fig 4-12 an
lements be
s are fixed 
d vertical p
 
 area Fig 
lastic model
210
30 G
0.2
22 M
196
lacement c
aracter of 
lacement m
 from the 
agnitude a
.3 mm for 
ls are nearl
ress field a
l character 
at the high
g element. 
d Fig 4-13
have elasti
horizontall
ressure (bo
4-13 Meshin
is
 parameters.
0 kg/m3 
Pa 
Pa 
 % 
ontours for
the swelli
agnitude i
center the
t the corne
both FLAC
y identical 
t the end o
of the mod
est normal 
Due to the 
. Only the 
c. The mat
y as well a
th are 0.01 
g of FLAC m
 swelling loc
 
 both mode
ng induced
s recorded 
 displacem
rs of the sw
 and UDE
in terms of
f the swel
els, the str
stress valu
swelling ef
central ele
erial param
s vertically
MPa). 
 
odel, (black
ation). 
ls at the en
 displacem
at the corne
ent magnit
elling ele
C. In summ
 orientation
ling proces
ess compon
es appear a
fect, the str
65 
ment 
eters 
. The 
 area 
d of 
ents 
rs of 
udes 
ment 
ary, 
 and 
s for 
ents 
t the 
esses 
66 
 
are 
field
negative in
s.  
side the sw
Fig 4-1
Fig 4-
elling elem
4 Displacem
15 Displacem
 
ent. Both 
ent contours
ent contours
models del
 [m] (UDEC 
 [m] (FLAC 
iver nearly
model). 
model). 
5.0
1.0
1.5
2.0
2.5
3.0
3.5
0.0E
6.0
1.2
1.8
2.4
3.0
 identical s
 
 
E-5 
E-4 
E-4 
E-4 
E-4 
E-4 
E-4 
  
+0 
E-5 
E-4 
E-4 
E-4 
E-4 
tress 
  
 
Fig 4-16
Fig 4-17
 Horizontal s
 Horizontal s
 
tress contour
tress contour
s [Pa] (UDE
s [Pa] (FLAC
C model). 
 model). 
-2
-1
-1
-5
0
5
-2.0
-1.5
-1.0
-5.0
0.0
5.0
 
 
.0E+7 
.5E+7 
.0E+7 
.0E+6 
.0E+0 
.0E+6 
E+7 
E+7 
E+7 
E+6 
E+0 
E+6 
67 
68 
 
To 
base
 
verify the 
d on follow
Fig 4-
Fig 4-
maximum 
ing assump
18 Shear stre
19 Shear stre
swelling pr
tions: 
 
ss contours [
ss contours [
essure, an
Pa] (UDEC m
Pa] (FLAC m
 elastic num
odel). 
odel). 
erical mo
-3
-2
-1
0
1
2
3
-
-
-
 
 
del is desi
.0E+6 
.0E+6 
.0E+6 
.0E+6 
.0E+6 
.0E+6 
.0E+6 
3.0E+6 
2.0E+6 
1.0E+6 
0.0E+6 
1.0E+6 
2.0E+6 
3.0E+6 
gned 
  
The
swe
(the
Fig
 The mo
center (
 On all b
 Model i
 Model 
0.5 MP
 elastic par
lling pressu
 maximum 
 4-20 Mode
Fi
del is 9 m
see Fig 4-2
oundaries, 
s elastic wi
is initializ
a). 
ameters are
re. As exp
swelling pr
l sketch, shad
g 4-21 Nume
 long and 
0).  
model is fix
thin the dis
ed with h
 shown in T
ected, the s
essure).  
ow part is sw
r
rical results 
 
9 m wide, 
ed horizon
crete block
orizontal a
able 4-2. F
welling pr
elling ceme
ecorded in Fi
for swelling 
the swellin
tally and v
.  
nd vertica
ig 4-21 sho
essure incre
nt and the sw
g 4-21. 
pressure vs. n
g cement i
ertically. 
l pressure 
ws the sim
ases, appro
 elling pressu
umerical ste
A 
s located a
(both equ
ulation resu
aching 22 
re of point 'A
 ps. 
69 
t the 
al to 
lt of 
MPa 
’ is 
70 
 
To 
follo
The
upp
196
 
verify the 
wing assum
 The mo
cement
 On the 
zero wh
on the t
 The mo
 used param
er boundar
 % (the sam
F
maximum 
ptions: 
del is 9 m l
.  
left and ri
ile on the 
op boundar
del is initia
eters are 
y is shown
e as in Tab
ig 4-23 Num
swelling s
ong and 9
ght sides o
bottom bou
y free displ
lly free of l
shown in T
 in Fig 3-4
le 4-2), wh
Fig 4-2
erical result
 
train, a nu
m wide and
f the mode
ndary vert
acement is 
oading.  
able 4-2. 
3. As expe
ich is in agr
2 Model sk
s for swelling
merical mo
 the whole
l, horizonta
ical displac
allowed (se
The vertica
cted, the m
eement wit
etch up. 
 strain vs. nu
del is des
 model is m
l displacem
ement is fi
e Fig 4-22)
l displacem
aximum sw
h the lab re
 
merical step
igned base
ade of swe
ent is fix
xed to zero
. 
ent of mo
elling stra
sult.  
 s. 
d on 
lling 
ed to 
 and 
del’s 
in is 
 71 
  
5 Simulation of crack formation in concrete by 
swelling pressure 
5.1 Calibration of concrete 
The mechanical properties of the concrete were determined by several lab tests 
according to ISRM and DGGT standards, respectively. U niaxial compression tests 
were conducted on cylindrical samples (50 mm diameter and 100 mm height). Tensile 
splitting tests (Brazilian tests) were performed on cylindrical samples (50 mm 
diameter and 33 mm thick). The following parameters were determined: 
 Density:   2.1×103 kg/m3 ± 30 (10 samples) 
 Young’s modulus:               30.88 GPa ± 0.31 GPa (12 samples) 
 Poisson’s ratio:                             0.211 ± 0.07 (4 samples) 
 Tensile strength:                           1.52 MPa ± 0.16 MPa (10 samples) 
 Uniaxial compressive strength:    16.75 MPa ± 0.07 MPa (12 samples) 
To calibrate the material parameters, a 2-dimensional numerical model (10 cm high 
and 5 cm wide) was set-up using Voronoi blocks with internal meshing (Fig 5-1). The 
Voronoi blocks behave elastic, but an elasto-plastic constitutive law on the basis of the 
Mohr-Coulomb law is assigned to the contacts (interfaces) between the blocks. Direct 
uniaxial tension and compression tests were performed in parallel with varying 
parameter sets until satisfying agreement with lab test results was obtained. Besides 
strength and stiffness also the evaluation of the fracture pattern was included in the 
calibration procedure. Thin layers near the boundaries were marked to record stresses 
and displacements in vertical and horizontal direction, which allows to construct 
stress-deformation curves and finally to determine Young’s modulus, Poisson’s ratio 
as well as uniaxial compressive and tensile strength. The simulations were performed 
in such a way, that a vertical velocity was applied to the upper boundary, while the 
lower boundary was fixed in the vertical direction. The numerical model structure for 
uniaxial compression and tensile testing is shown in Fig 5-1. Therein, Fig 5-1 a shows 
the complete model with Voronoi tessellation. Exemplary, Fig 5-1 b shows a detailed 
view of one of the Voronoi bodies with internal meshing. The model consists of 342 
blocks internally meshed by 8261 zones in total. The average Voronoi edge length is 
0.004 m and the maximum zone edge length is 0.002 m. The fracture pattern for two 
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addition, both, experiments and simulations show some inclined smaller secondary 
cracks. Overall, the lab test results are well reproduced by the numerical modelling. 
Minor deviations are caused to the following reasons: 
 Lab samples have some inherent inhomogeneity and anisotropy. 
 Boundary conditions for lab testing cannot be determined accurately 
(increasing load leads to increasing frictional resistance at the interface 
between lab sample and loading plates, which influence the internal stress field 
and sample movement). 
 Voronoi structure and meshing of numerical model have some influence on 
potential fracture paths. 
It becomes obvious, that tensile fracturing is the dominant failure mode.  
The final crack pattern for Model S-0.25-2 is nearly the same as S-0.5-2. In 
comparison, the final crack pattern for Model S-0.25-1 is different from S-0.5-1. 
Obviously, finer discretization simulates crack formation more precisely, especially in 
case of low anisotropy in stresses.  
According to Fig 4-10 and Fig 4-11 swelling pressure is back calculated by adding 
swelling stress increment to the pre-existing stress. For instance, to calculate the 
swelling pressure σq, first of all the real stress without swelling effect (σ0) need to be 
obtained. Afterwards, the swelling pressure increment is applied to the model (see Fig 
4-11, APPENDIX). Here, v_step is the numerical step number in use of calculation 
swelling pressure increment and m_step is the numerical step number in use of 
calculation new stress field by swelling pressure increment. 
The swelling pressure increment should be small enough to simulate the real value for 
specific discretization numerical model. Exemplary, in this work, for coarser meshing 
calculation (S-X-2), each increment of the swelling pressure creates new stress field 
for whole model, by 5 cycles of simulation (see Fig 4-11 APPENDIX, m_step = 5 and 
v_step = 1000). Meanwhile, for a finer meshing calculation (Model S-X-1, 
X ∈ [0.25, 7.5]), each increment of the swelling pressure creates new stress field for 
whole model, by 15 cycles of simulation (see APPENDIX, m_step = 15 and 
v_step = 3000).  
Table 5-5 gives the numbers used for finer meshing simulations (Model S-X-1, 
X ∈ [0.25, 7.5]) and the related crack pattern is shown in Fig 5-62 to Fig 5-65. It is 
obvious that simulations of Set 2 (according to Table 5-5) agree with the lab results 
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Table 5-6 Discretization data of dodecagon models. 
Model name lv [mm] lz [mm] mlz [mm] Block No. Zone No. 
D-0-0 
7 5 3.16 
2501 29772 
D-0-1 2528 30126 
D-0-2 2531 30595 
D-7.5-0 
7 5 3.17 
2503 29789 
D-7.5-1 2532 30116 
D-7.5-2 2545 30468 
D-15-0 
7 5 3.16 
2506 29795 
D-15-1 2537 30127 
D-15-2 2538 30609 
D-30-0 
7 5 3.17 
2502 29814 
D-30-1 2531 30125 
D-30-2 2539 30527 
D-60-0 
7 5 3.16 
2507 29821 
D-60-1 2539 30157 
D-60-2 2550 30527 
D-90-0 
7 5 3.16 
2507 29830 
D-90-1 2537 30150 
D-90-2 2544 30513 
5.4.2 Simulations with empty holes 
Fig 5-68 shows the Voronoi tessellation structure for D-ω-0. Fig 5-69 to Fig 5-74 
illustrate the load – deformation relations for the dodecagon samples with empty holes 
and Table 5-7 documents the corresponding peak stresses. All curves show similar 
behavior in the elastic range. After this stage at approximately 50 % peak strength, the 
vertical stress rises with some intermediate drops with increasing vertical deformation 
until the peak stress is reached. Afterwards, strain softening occurs until the sample is 
completely destroyed. 
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and develop also further to the boundary of the sample, and finally a vertical 
macroscopic tensile crack is created. In addition, at later stages several secondary 
cracks develop. 
The case D-15-0 shows the following pattern: vertical cracks start to propagate from 
the two holes in both directions. Later, fracturing becomes more intensive, additional 
cracks are created and finally one crack connects the two holes. Also this behavior is 
observed in the lab experiment as well as in the numerical simulations. The cases 
D-7.5-0 and D-30-0 were not investigated in the lab, but the simulations indicate, that 
the behavior of both cases is very similar to the case D-15-0. 
The simulations for the case D-60-0 indicate that cracks start at the hole and propagate 
in a nearly vertical direction until the boundary is reached. Later, horizontal cracks 
start to propagate beginning at the holes towards the boundary at the left and right 
hand side. The lab test shows a different picture. In lab result, a nearly vertical crack 
between the two holes propagates towards boundaries, which split the sample into two 
halves. No cracks are formed at the sides of lab test result. In comparison, the 
simulation shows cracks starting from hole, and then microcracks start at sides of 
model and develop towards the middle of the model. These possible reasons may 
explain it: 
 Due to the limitation of laboratory test, no pictures show the further 
development trend. 
 The used Voronoi structure is not the best for this sample. The inherent 
heterogeneity for lab sample as well as numerical model is different. 
For case D-90-0 the following is observed: crack development is initiated at both 
holes, but crack propagates further only from one hole in vertical direction until 
boundary is reached. Also, additional horizontal cracks are created at the height of the 
boreholes. Crack pattern development of numerical simulation and lab test are in close 
agreement for this case. 
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6 Summary and Conclusions 
This work is dedicated to the simulation of tensile crack evolution in brittle material 
using a Voronoi tessellation based discrete element method. The crack formation is 
stimulated in detail originated by swelling cement placed inside concrete samples 
under vertical compressive loading. Investigations showed that numerical 
discretization in terms of block structure and size as well as internal zoning has great 
influence on crack propagation. Lab tests with swelling cement creating tensile cracks 
in concrete samples were used to validate the numerical simulations. 
The following parameters have impact on the crack propagation: 
 For a pre-existing fracture, the size of the numerical model affects the tensile 
strength of fracture. According to this study, length and width of the model 
should be at least 10 times the crack length if the crack is located centric. 
 Fracture toughness value KIC is directly proportional to joint tensile 
strength σt. If numerical discretization is settled, then the following 
relations hold: 
ߪ௧ ∝ ܭூ஼                                                                                                                                               6‐1 
ߪ௧ ∝ ඥܮ஼                                                                                                                                             6‐2 
 Both joint normal and shear stiffness as well as Young’s modulus of matrix 
strongly affect σt. If joint stiffnesses are fixed and Young’s modulus E 
increases, the related σt decreases. On the other hand, if Young’s modulus is 
fixed and joint stiffnesses increase, the related σt increases also. This is a 
general tendency. Explicitly, the following rules were deduced: 
݂݅	 ൜	ܭ௡ ൌ ܭ௦ ൌ ܿ݋݊ݏݐܽ݊ݐ		ܧ ∈ ሺ10଻, 10ଵଵሻ 	ൠ , ݐ݄݁݊	ߪ௧ 	 ↑ ݓ݄݈݅݁	ܧ ↓                              6‐3 
݂݅	 ൝	
	ܭ௡ ൌ ܭ௦ܧ ൌ ܿ݋݊ݏݐܽ݊ݐ
ܭ௡ ∈ ሺ1.2 ൈ 10଻, 1.2 ൈ 10ଵ଴ሻ
	ൡ , ݐ݄݁݊	ߪ௧ 	 ↑ ݓ݄݈݅݁	ܭ௡ ↑	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	6‐4 
 Numerical discretization has significant influence on σt. If the direction of 
crack propagation is pre-defined, a monotone decreasing power function can be 
used to describe the relationship between σt and mesh length. If the direction of 
crack propagation is potentially arbitrary, then besides the mesh density, the 
actual orientation at crack tip has also significant effect on σt. 
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 First of all, for a certain initial crack with length LC, the discrete 
block edge length LB should be taken into account. According to this 
study, smaller LB normally leads to higher σt. On this basis, the 
following fitting function can be used (the value a, b and c are 
constants, which change according to the specific discretization): 
	ߪ௧ ൌ ܽ െ ܾ ∙ ݈݊ ቀ௅಴௅ಳ ൅ ܿቁ                                                                                                   6‐5 
 Similarly, the ratio of block length LB to grid length lQ or lz also has 
considerable impact on σt. Following equations explain the relation 
between numerical mesh density and related σt (the values a,b and c 
are constants, which change according to the specific discretization): 
	ߪ௧ ൌ ܽ ∙ ݔ௕ ൅ ܿ, ݔ ൌ ௟ೡ௟ೂ 		݋ݎ	ݔ ൌ
௟ೡ
௟೥				 		                                                                  6‐6 
 If similar methodology is used in other tensile crack research, then errors have 
to be considered, which may be caused by below elements: 
 A refined level of meshing demands changing of stiffness values due 
to the impacts on calculated tensile strength. 
 The chosen interval value (δ) of calibration of σt decides about the 
magnitude error while numerical meshes are fixed. For example: if a 
chosen tensile strength value σ0 prevents crack propagation, then a 
next test value σ01 (σ01 =σ0 -δ) is applied for checking the fracture 
stability. If the new test value allows crack propagation, then it will 
be marked as the final calibration values for contact tensile strength. 
Obviously, the interval value δ affects the numerical accuracy. 
 Voronoi based mesh structure creates potentially random orientation 
of potential crack paths. The actual orientation of the block edges at 
the crack tip decides about the direction of crack propagation (see 
Fig 6-1). Randomly produced irregular polygonal blocks enhance 
model’s heterogeneities in a DEM model. Keeping the same 
numerical settings, a different random seed produces a deviation of 
σt up to + 30 % (see Fig 6-2), which should be considered when 
using Voronoi based DEM simulation. 
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 The compressive strength of concrete sample increases with increasing 
confining pressure. 
 Boundary conditions affect both, compressive strength and crack patterns. The 
length of loading plate PL affects also both, sample strength and crack patterns. 
If PL is less than length of model, then main vertical crack becomes longer and 
compressive strength becomes lower if PL is shorter. 
 In uniaxial compressive tests: for model with hole, crack is first formed at the 
roof or floor of hole caused by local tensile stresses. Generally speaking, 
cracks develop macroscopically as tensile cracks. Meanwhile, microscopically, 
since the arbitrary orientation of block edge, cracks are locally also driven to 
some extent as shear cracks (mixed-mode cracks). 
 In concrete model with swelling cement: cracks start from the edge of the 
swelling area and extend radially. Crack development is mostly caused by 
tensile stresses. As uniaxial compression becomes stronger, the length of 
related main vertical crack becomes larger. 
 For the dodecagon model: depending on the offset angle ranging from 0° to 
90°, the specific crack development is quite different. Vertical cracks parallel 
to loading dominate and crack coalescence is observed for certain 
constellations.  
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7 Main contributions 
Main contributions of thesis can be summarized as follows: 
 Providing evidence, that Voronoi based Discrete Element Method is a suitable 
tool to simulate tensile cracking in brittle materials like concrete and rocks. 
 Development of a calibration procedure for fracture toughness (Mode-I) 
including consideration of block and zone size as well as structure of Voronoi 
blocks. 
 Quantifying error (inaccuracy) of crack propagation due to the limitation that 
crack growth is restricted to paths along block boundaries. 
 Implementation of a constitutive law for swelling cement into UDEC on the 
basis of a logarithmic law including verification and validation. 
 Development of a calibrated Voronoi based model for concrete including 
back-analysis of lab tests. 
 Applying the developed swelling law and the calibrated concrete model to 
simulate tensile cracking of concrete including validation by lab experiments, 
especially in respect to fracture pattern and stress-strain relations. 
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APPENDIX 
Constitutive code for swelling cement 
set echo on 
;     v_c1                       swelling coefficient in ‘x’-direction 
;     v_c2                       swelling coefficient in ‘y’-direction 
;     v_m1                       max swelling strain in ‘x’-direction 
;     v_m2                       max swelling strain in ‘y’-direction 
;     s_max_1                   max swelling pressure in ‘x’-direction 
;     s_max_2                   max swelling pressure in ‘y’-direction 
;     _theta                      anisotropy angle 
;     ex_1(i,j)                   elements where swelling law is applied (while ex_1(i,j)#0) 
;     v_step   number of steps used to calculate swelling pressure increment 
;     m_step                     number of steps used to apply swelling pressure increment 
;     pixx(i)                     swelling pressure increment in ‘xx’ direction (total / v_step) 
;     piyy(i)                     swelling pressure increment in ‘yy’ direction (total / v_step) 
;     pixy(i)                     swelling shear stress increment in ‘xx-yy’ direction 
;     pizz(i)                      swelling pressure increment in ‘z’ direction (total / v_step) 
;     styy(i)                      swelling strain in ‘x’ direction 
;     stxx(i)                      swelling strain in ‘y’ direction 
;     dixx(i)                     swelling pressure increment in ‘x’ direction 
;     diyy(i)                     swelling pressure increment in ‘y’ direction 
;     dixy(i)                     swelling shear stress increment in ‘x-y’ direction 
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def v_str_inc 
  bi=block_head 
  i=1 
  loop while bi # 0 
         zi=b_zone(bi) 
         loop while zi # 0 
               if z_extra(zi) # 0 then 
                      _wi=_theta*pi/180 
                      _wi1=(360-_theta)*pi/180 
                      sxx(i)=z_sxx(zi) 
                      syy(i)=z_syy(zi) 
                      sxy(i)=z_sxy(zi) 
                      szz(i)=z_szz(zi) 
                      x(i)=z_x(zi) 
                      y(i)=z_y(zi) 
                      bvb=0.5*(sxx(i)+syy(i)) 
                      bvc=0.5*(sxx(i)-syy(i)) 
                      bvd=cos(2*_wi) 
                      bve=sin(2*_wi) 
                      sigv_2=-(bvb+bvc*bvd+sxy(i)*bve) 
                      sigv_1=-(bvb-bvc*bvd-sxy(i)*bve) 
                      sigv_12=0.5*bvc*bve+sxy(i)*cos(2*_wi) 
                      if sigv_1 <= 0.0 then 
                             sigv_1 =0.0 
                      endif 
                      if sigv_2 <= 0.0 then 
                             sigv_2 = 0.0 
                      endif 
                      vdex = 0.0 
                      vdez = 0.0 
                      vdey = 0.0 
                      if sigv_1 # 0 then 
                             l1=1 
                      else 
                             l1=0 
                      endif 
                      if sigv_2 # 0 then 
                             l2=1   
                      else  
                             l2=0 
                      endif 
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               if l1=0 then 
                       vdey = e_m1   
                       if l2=0 then 
                             vdex = e_m2   
                             vdez = e_m2   
                       endif 
                       if l2 # 0 then 
                             _sm2=s_max_2 
                             vdex = v_c2*log((sigv_2/_sm2)) 
                             vdez = vdex 
                       endif 
               endif 
               if l1 # 0 then 
                       if l2 = 0 then 
                             _sm1=s_max_1 
                             vdey = v_c1*log((sigv_1/_sm1)) 
                             vdex = e_m2 
                             vdez = e_m2 
                       endif 
                       if l2 # 0 then 
                             _sm1=s_max_1 
                             _sm2=s_max_2 
                             vdex = v_c2*log((sigv_2/_sm2)) 
                             vdez = vdex 
                             vdey = v_c1*log((sigv_1/_sm1)) 
                       endif 
               endif 
                       if styy(i) > e_m1 then 
                                       vdey=0.0 
                       endif 
                       if stxx(i) > e_m2 then 
                                       vdez=0.0 
                                       vdex=0.0 
                       endif 
                      al1 = _bulk + _shear * 4.0 / 3.0 
                      al2 = _bulk - _shear * 2.0 / 3.0 
                      ds = float(v_step) 
                      pixx(i) = -(al1 * vdex + al2 * (vdey + vdez))/ds   
                      piyy(i) = -(al1 * vdey + al2 * (vdex + vdez))/ds   
                      pizz(i) = -(al1 * vdez + al2 * (vdex + vdey))/ds   
                      _ttz=0.5*(pixx(i)+piyy(i)) 
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                      dixx(i)=_ttz+0.5*(pixx(i)-piyy(i))*cos(2*_wi1)  ; 
                      diyy(i)=_ttz-0.5*(pixx(i)-piyy(i))*cos(2*_wi1)   
                      dixy(i)=0.5*(piyy(i)-pixx(i))*sin(2*_wi1)       
                i=i+1 
            endif 
            zi=z_next(zi) 
       endloop 
       bi=b_next(bi) 
  endloop 
end 
def app_str_inc 
   bi=block_head 
   i=1 
   loop while bi # 0 
      zi=b_zone(bi) 
      loop while zi # 0 
         if z_extra(zi)# 0 then 
               sxx(i) = sxx(i) + dixx(i) 
               syy(i) = syy(i) + diyy(i) 
               sxy(i) = sxy(i) + dixy(i) 
               szz(i) = szz(i) + pizz(i) 
               z_sxx(zi)=sxx(i) 
               z_sxy(zi)=sxy(i) 
               z_syy(zi)=syy(i) 
               z_szz(zi)=szz(i) 
         i=i+1 
         endif 
        zi=z_next(zi) 
      endloop 
      bi=b_next(bi) 
   endloop 
end 
def c_swell 
   loop ii (1,v_step) 
      v_str_inc 
      app_str_inc 
      COMMAND  
          cyc m_step 
      ENDCOMMAND 
   endloop 
end 
